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Answer the following questions:

First: Mathematical Logic.

Question 1 (30 marks):
a) Showthat (=(A - (BVC)) » (AA (=B A=C)) isawff (10 marks)

b) Is (((P—- Q) — P)—~ P) atautology?
Define o), recursively as follows: gy =P - @ and o034, = (0x = P). For
which values of k is o, is atautology? - (10 marks)
c) Let G be the following three-place Boolean function:
G(F,F,F)=F, G(T\F,F)=T, G(F,F,T)=T, G(T,F,T)=F
G(F,T,F)=T, G(T,T,F)=F, G(F,T,T)=F, GTT,T)=F
Find a wff, using at most the connectives V, A, and — that realizes . (10 marks)

Question 2 (20 marks):

a) In the first-order logic language, define the following:
the terms, an atomic formula, the well -formed formula. (9 marks)
b) Rewrite the following wif in a way which explicitly lists each symbol in actual order.
Say which variable occur free in the wff:

Vv, Avy A By, = 3v,=Cv, V Dv,. (6 marks)
¢) Inthe language of elementary number theory, translate the following sentence in a more .
formal way:
" Any nonzero natural number is the successor some number". (5 marks)

Second: Boolean Algebra.
Question 3 (20 marks}:
a) Let f(x,y,z) be the Boolean function represented by Table (1), then:

(i) Find f(x,y,2). (2 marks)
~ (ii) Represent f(x,y,z) by logic and series-parallel circuits and then find the
differences between the two circuit types. * (5 marks)
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Answer the followmg questions:

" Question 1 (30 marks):

Prove that the set, I(G), of all inner automorphisms forms a group
- under composition of maps. Show that I(G) = G/Z, then write the

elements of the group [(D,).

Question 2 (30 marks):

a- Find the derived group of the alternating group A,. (15 marks)

" b- Let ¢:G » H be ahomomorphism and let S be a subgroup of H.
Prove that ¢ (S) = {x € G:¢(x) € S} is a subgroup of G

containing kerg. _ (15 marks)

Question 3 (45 marks):

2 Consider the symmetric group Sg. Let p = (1)(23)(45). Write all
the elements of Sg that are conjugate to g, hence determine all the
elements of the centralizer subgroup C(p). | (20 marks)

b- Without doing any calculations in Aut(Z40), prove that Aut(Z,) is

not cyclic. _ (10 marks)

c- Find the complete list of the distinct lsomorphlsm classes of abelain

groups of order 100. o (15 marks) -
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Question 4: (Maximum Mark: 15)

a. Consider the following ordinary differential equation with
x € R*:
xy"+2y'+xy =0,
i.  Show that y(x) = Czﬁ is a solution of this equation.

ii.  Find the second independent solution.
ii.  Write out an expression for the general solution.

Question 5: (Maximum Mark: 40)
Solve the following ordinary differential equations:
i. y"—2y'—48y =5e %% + (x — 2)e~%*%.

2 sec llnx

H.  x°y"+5xy'+ 4y =

x2

fii. x—2x(t)—-8y(t)=f(t), x+2y—4y =t, x(0) =0,y(0) =0,

t, 0<t<10
f® ‘{10, t > 10.
The End of Exam
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Third question: (36 Marks)

[
(a) If _{ f dg exists. Prove that

(1) jgdf exists (2) j'gdf =g () (b)-g(a)f (a)—}f dg

(b) Let f be any function with continuous derivative on [a,b].
Let a=qg,<aq, <:--<a, =b and define
C.; a,_, <x <a, S
= i = i . . =1 N
g(x) { o v =q ;=1

where C,,C,,---,C,, are constants. Prove that
() [ (x)dr (x) exists (2) [g(x)7 (x)ar =Cof (6)-Co (0)- 21 (2,)(C,-C))

.1
x sin—; x#0

(c) Show that the function f (x ) ={ x is unbounded variation
0 x =0

on [0,1].

Fourth Question (38 Marks)

(a) Find the complex form of the Fourier series for the complex function
/ (x). Hence if {C,}"_ have a bounded variation and limC, =limC_, =0 .

n—w n-3»a0

-]

Prove that » C,e™ converges uniformly on every interval [c,d ], where

R=—0

either -z <c<d <0 or O<c<d<nm.
(b) Let f and g be two continuous functions on the interval [-z,z] which

have the same Fourier coefficients. Prove that 7 (x)=g(x) for all x ef-z,x].
(c) Suppose that f (x) and g(x) bounded variation on [a,b]. Prove that f —g .
and fg are of bounded variation.

(Best wishes)

1- Prof. Dr. S. Abdel Aziz 2- Dr. Usama A. Embaby
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